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ON THE CENTER OF A COXETER GROUP
TETSUYA HOSAKA
Abstract. In this paper, we show that the center of every Cox-
eter group is finite and isomorphic to (Z2)
n for some n ≥ 0. More-
over, for a Coxeter system (W,S), we prove that Z(W ) = Z(W
S\S˜)
and Z(W
S˜
) = 1, where Z(W ) is the center of the Coxeter group
W and S˜ is the subset of S such that the parabolic subgroupW
S˜
is
the essential parabolic subgroup of (W,S) (i.e. W
S˜
is the minimum
parabolic subgroup of finite index in (W,S)). The finiteness of the
center of a Coxeter group implies that a splitting theorem holds
for Coxeter groups.
1. Introduction and preliminaries
In this paper, we investigate the center of a Coxeter group. A Coxeter
group is a group W having a presentation
〈S | (st)m(s,t) = 1 for s, t ∈ S 〉,
where S is a finite set and m : S×S → N∪{∞} is a function satisfying
the following conditions:
(1) m(s, t) = m(t, s) for each s, t ∈ S,
(2) m(s, s) = 1 for each s ∈ S, and
(3) m(s, t) ≥ 2 for each s, t ∈ S such that s 6= t.
The pair (W,S) is called a Coxeter system. Let (W,S) be a Coxeter
system. For a subset T ⊂ S, WT is defined as the subgroup of W
generated by T , and called a parabolic subgroup. It is known that
(WT , T ) is also a Coxeter system (cf. [1] and [9]). A subset T ⊂ S is
called a spherical subset of S, if the parabolic subgroup WT is finite.
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The purpose of this paper is to prove the following theorems.
Theorem 1.1. The center of every Coxeter group is finite and isomor-
phic to (Z2)
n for some n ≥ 0.
A Coxeter system (W,S) is said to be irreducible, if for any nonempty
and proper subset T of S, W does not decompose as the direct product
of WT and WS\T .
Let (W,S) be a Coxeter system. Then there exists a unique decom-
position {S1, . . . , Sr} of S such that W is the direct product of the
parabolic subgroups WS1 , . . . ,WSr and each Coxeter system (WSi , Si)
is irreducible (cf. [1] and [9]). We define S˜ =
⋃
{Si |WSi is infinite},
and the parabolic subgroup WS˜ is called the essential parabolic sub-
group of (W,S). We note that W = WS˜ ×WS\S˜ and WS\S˜ is finite.
In [6], it was proved that the essential parabolic subgroup WS˜ is the
minimum parabolic subgroup of finite index in (W,S).
We denote the center of a group G by Z(G).
We also prove the following theorem in Section 2.
Theorem 1.2. For a Coxeter system (W,S), Z(W ) = Z(WS\S˜) and
Z(WS˜) = 1.
For an irreducible Coxeter system (W,S), if W is infinite, then W =
WS˜. Hence Theorem 1.2 implies the following.
Corollary 1.3. For an irreducible Coxeter system (W,S), if the Cox-
eter group W is infinite, then the center of W is trivial.
In [8], we have obtained some splitting theorems for CAT(0) groups
whose centers are finite. Theorem 1.1 and [8, Theorem 2] implies the
following splitting theorem for Coxeter groups.
Corollary 1.4. Let (W,S) be a Coxeter system and let W = WS1 ×
WS2. Suppose that the Coxeter group W acts geometrically on a
CAT(0) space X. Then there exists a closed, convex, W -invariant,
quasi-dense subspace X ′ ⊂ X such that X ′ splits as a product X1×X2
and the action of W = WS1 ×WS2 on X
′ = X1 × X2 is the product
action.
By [2, Lemma II.6.24], we also can obtain the following corollary.
Corollary 1.5. Suppose that a Coxeter group W = WS1 ×WS2 acts
geometrically on a CAT(0) space X. Then WS1 and WS2 are convex-
cocompact.
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Here the definition and some properties of convex-cocompactness is
found in [5] and [7]. We note that “geometrically finiteness” in [5] and
“convex-cocompactness” in [7] coincide.
2. Proof of the main theorems
Let (W,S) be a Coxeter system and w ∈ W . A representation w =
s1 · · · sl (si ∈ S) is said to be reduced, if ℓ(w) = l, where ℓ(w) is the
minimum length of word in S which represents w.
The following lemmas are known.
Lemma 2.1 ([1]). Let (W,S) be a Coxeter system. Suppose that W is
finite. Then there exists a unique element w0 ∈ W of longest length,
and for each w ∈ W , ℓ(w0w) = ℓ(w0)− ℓ(w). In particular, w
2
0 = 1.
Lemma 2.2 ([1], [4, Lemma 7.11]). Let (W,S) be a Coxeter system, let
T ⊂ S and let w ∈ WT . Then the following statements are equivalent.
(1) WT is finite and w is the element of longest length in WT .
(2) ℓ(wt) < ℓ(w) for each t ∈ T .
Using lemmas above, we prove the following main theorem.
Theorem 2.3. Let (W,S) be a Coxeter system and let Z(W ) be the
center of W .
(1) For each w ∈ Z(W ), there exists a spherical subset T of S such
that w is the element of longest length in WT .
(2) w2 = 1 for any w ∈ Z(W ).
(3) Z(W ) is finite.
(4) Z(W ) is isomorphic to (Z2)
n for some n ≥ 0.
(5) Z(W ) = Z(WS\S˜).
(6) Z(WS˜) is trivial.
Proof. Let (W,S) be a Coxeter system and let Z(W ) be the center of
W .
(1) Let w ∈ Z(W ) and let w = s1 · · · sl be a reduced representation.
Then ws1 = s1w, since w ∈ Z(W ). Hence
ws1 = s1w = s1(s1s2 · · · sl) = s2 · · · sl.
Thus ℓ(ws1) < ℓ(w) and w = (s2 · · · sl)s1 is reduced. Since w ∈ Z(W ),
ws2 = s2w. Hence
ws2 = s2w = s2((s2s3 · · · sl)s1) = (s3 · · · sl)s1.
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Thus ℓ(ws2) < ℓ(w) and w = (s3 · · · sl)s1s2 is reduced. By iterating
the above argument, we obtain that ℓ(wsi) < ℓ(w) for each i = 1, . . . , l.
Let T = {s1, . . . , sl}. By Lemma 2.2, WT is finite and w is the element
of longest length in WT .
(2) By (1) and Lemma 2.1, we have that w2 = 1 for any w ∈ Z(W ).
(3) For a spherical subset T , let wT be the element of longest length
in WT . By (1),
Z(W ) ⊂ {wT | T is a spherical subset of S},
which is finite, since S is finite. Hence the center Z(W ) is finite.
(4) We note that w2 = 1 for any w ∈ Z(W ) by (2) and vw = wv
for any v, w ∈ Z(W ) because Z(W ) is the center. Thus Z(W ) is
isomorphic to (Z2)
n for some n ≥ 0.
(5) Let w ∈ Z(W ), let w = s1 · · · sl be a reduced representation and
let T = {s1, . . . , sl}. Then w is the element of longest length in WT by
(1). Let s ∈ S \ T . Then sw = ws, since w ∈ Z(W ). Hence sws = w
and s(s1 · · · sl)s = s1 · · · sl. Here we note that s 6∈ T = {s1, · · · , sl}.
By Tits’s theorem in [10] and [3, p.50], ssi = sis for each i = 1, . . . , l.
This means that st = ts for any t ∈ T and s ∈ S \ T . Hence W
splits as the product W = WT ×WS\T . Since WT is finite, T ⊂ S \ S˜
by the definition of S˜. Hence w ∈ WT ⊂ WS\S˜ for each w ∈ Z(W ).
Thus Z(W ) ⊂ WS\S˜. We note that W = WS˜ ×WS\S˜ and Z(W ) =
Z(WS˜)× Z(WS\S˜). Therefore Z(W ) = Z(WS\S˜).
(6) We can obtain that Z(WS˜) is trivial from (5). 
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